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We propose a robust sparse recovery formulation in impulsive noise, where ¢; norm as the metric for
the residual error and a class of weakly convex functions for inducing sparsity are employed. To solve
the corresponding nonconvex and nonsmooth minimization, a slack variable is introduced to guarantee
the convexity of the equivalent optimization problem in each block of variables. An efficient algorithm is
developed for minimizing the surrogate Lagrangian based on the alternating direction method of multi-
pliers. Model analysis guarantees that this novel robust sparse recovery formulation guarantees to attain
the global optimum. Compared with several state-of-the-art algorithms, our method attains better recov-
ery performance in the presence of outliers.
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1. Introduction

Sparse recovery (SR) is of great interest in recent years [1],
which is a paradigm to acquire sparse or compressible signals at
a rate lower than that of the Nyquist sampling. Mathematically,
given a known matrix A € RM*N with M <N, the underlying task
is to recover a target signal X ¢ RN from its undersampled set of
noisy observations y € RM:

where n=[n; ny ... ny]" is the additive disturbance vector. In
sparse signal recovery, the desired sparsity structure can be en-
forced by either ¢ or ¢; norm penalties, where ¢, norm data fit-
ting model is employed as the metric for the residual error [1].
However, it is well known that least squares-based estimators are
highly sensitive to outliers present in the measurement vector,
leading to poor recovery. In practical applications, the measure-
ment noise may be of different kinds or combinations. Impulsive
noise is a typical representative which can model large errors in
observations and has been widely studied in robust statistics [2].
Hence, the ¢, norm data fitting model may be inefficient.
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Based on the Huber penalty function as the metric for the
residual error, a robust sparse recovery formulation is proposed to
mitigate the effect of the impulsive noise in the compressed mea-
surements [3]. However, the robust sparse recovery framework is
not necessarily restricted to the Huber loss function and indeed
many loss functions [4,5] can be used to cater for different noise
types. One particular interest is the ¢; norm loss function [5-7],
which is optimal when the impulsive noise is modeled as a Laplace
distribution. Efficient solvers have been presented in [3,5-8] based
on the fast iterative shrinkage algorithm (FISTA) [9] and alternating
direction method of multipliers (ADMM) [10].

In this work, we adopt weakly convex sparseness measure to
constitute the sparsity-inducing penalty, and obtain the following
robust SR formulation:

min [|AX —y[[1 + AJ(x) (2)

where J(x) is a sparsity-inducing penalty. Weakly convex penalty
functions are also known as semi-convex functions [11], and most
commonly used nonconvex penalties are formed by weakly con-
vex sparseness [12-15]. Our work is motivated by the fact that
¢1 norm loss function has been widely used in designing robust
methods due to its simultaneous convexity and robustness. Com-
pared to ¢; norm sparsity-inducing, improved results are obtained
by replacing ¢; norm by a suitably chosen nonconvex regulariza-
tion [13,16-19], which is advantageous with fewer measurements,
faster convergence and better robustness against noise. Since the
weakly convex (nonconvex) regularization and ¢; norm loss func-
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tion are adopted, the resultant minimization problem in (2) is non-
convex and nonsmooth, which is difficult to solve.

We briefly summarize the contributions of this work as follows:
i) By combining the concept of weak convexity with ¢; norm loss
function, a robust sparse recovery framework for impulsive noise is
proposed in (2) and analyzed. Our theoretical results state that if
the extended measurement matrix satisfies the restricted isometry
property (RIP) with a mild constant, the proposed framework can
robustly reconstruct the original signal. ii) A solution based on the
ADMM is derived for (2). We show that robust recovery can be im-
plemented readily by decomposing the augmented Lagrangian sep-
arately into a series of simpler problems whose solutions approach
that of the main problem (2).

The ||x||, |IX|l; and ||x||o are the ¢, norm, ¢; norm and ¢¢ norm
of a vector x, respectively. In particular, ||x]lg = #{i : x; # 0} counts
the nonzero elements of X. (-)T and (-)~! stand for the transpose
and inverse operators, respectively. sign(-) denotes the sign of a
quantity with sign(0) = 0. I represents an identity matrix of ap-
propriate dimensions.

2. Algorithm development

We now tackle the problem of robust recovery minimization in
(2), regularized by a weakly convex (nonconvex) function J(x). The
weakly convex penalty J(x) in (2) is defined as:

N
Jx) ==Y F(x;) ()

i=1

where F(x) is a weakly convex sparseness measure. Note that F(x) is
weakly convex if and only if there exists a convex function H(x) =
F(x) —&x% when & <0. A class of sparsity-inducing penalties has
been introduced in [13], satisfying the following properties.

Definition 1. (a) F(0) = 0, F(-) is even and not identically zero;
(b) F(-) is nondecreasing on [0, +00);
(c) The function x — F(x)/x is nonincreasing on [0, +o0);
(d) F(-) is weakly convex on [0, +00).

From Lemma 1.1 in [13], F(x)/x — « as x — 0" for « > 0. Hence,
according to Definition 1, we let 8 £ —& /& to characterize the non-
convexity of F(x) and J(x), where —& divided by « is to remove
the scaling effect on the penalty. For example, the weakly convex

sparseness function in (3) may be chosen as [20]:
1
4p
where 1p(x) is the indicator function with value 1 when the
argument satisfying P, and 0 otherwise. F(x) is a continuous
piecewise quadratic function, which is easily verified to satisfy
Definition 1 when o =1 and 8 = —&. The weakly convex sparse-
ness function in (4) is also known as the minimax-concave penalty
function [21]. Note that when & = 0, the robust recovery formula-

tion in (2) becomes convex.

Next, we solve (2) regularized by any weakly convex function
J(x) satisfying Definition 1. It is worth noting that the main method
to be proposed is similar to [22], but there are significant differ-
ences between them. The main challenge is that the variables are
coupled through A. This makes it rather difficult when the extra
constraint with nonsmooth ¢; loss function is introduced. With the
use of operator splitting [23], we separate the nonsmooth weakly
convex term from the ¢; norm loss term. Hence, problem (2) can
be rewritten equivalently by introducing an auxiliary variable vec-
tor z € RM, which is tied to the original variable via an affine con-
straint:

F(x)=(|x| —,3x2)1|x\5ﬁ(x) + 1‘X|>2173(X) (4)

minA/(x) +[|zlly st Ax-z=y. (5)

Nevertheless, the objective function is nonconvex with respect to
X. Since A >0, J is nonconvex, and it may be nondifferentiable,
which indicates that an optimization problem with J in the objec-
tive function can be hard to solve. In our study, a slack variable w
is introduced to solve (5). Then, (5) is rewritten as:

minAJ(x) +[lzl; st [A ~Iw=y. X" 2T =w. (6)
For this type of regularized objective function (6), ADMM [10] con-
siders the following augmented Lagrangian, given by

Lx,z,w, p1,y2) = M (X) + izl
+YIIA —Tw—y)+ A — 1w -y|3

VIR 2T - w) + 2 2] - w3 (7)

where y; € RM and y, e RM*N are dual variable vectors and p >0
is the penalty parameter. The fact that by adding a quadratic term
21I[xT z"]" — w]|3, the function ] becomes convex, which leads to
some favorable properties. For example, the separable function de-
fined in (3) can be expressed as the Moreau envelope [21,24] of
the weakly convex function, i.e.,

100 =min Ljw) + S1x - vi3). (®)
veRN 2

If B is small enough such that B¢ < % then the objective func-
tion in (8) is strongly convex, and the minimizer is unique. The
proximal operators of some weakly convex functions are well de-
fined and have closed-form expressions which are relatively easy
to compute [13]. Denote w' =[w! wl] and pI = [y}, yL]. The
strategy for minimizing the augmented Lagrangian is iteratively
updating of the primal and dual variables. That is, ADMM applied
to (7) consists of the following iterative steps:

. p Vs
e zargmin [0+ S 1w+ 223

t_ )’51 9
=prox; | w (9)

0

: P Y5
2+ :argmzm{||z||1 + EHZ—WE_,_ ;2 ”%}

Yy 1
=soft( wi — 222 — 10
( 27 ,0) (10)

w'! = argmin {gllw — [T T2

FW (A 10— py) - ¥+ SIIA ~1wi3} (1)
Nt =pt oA —Nwt —y) (12)

P =yt p (DT @) —wit). (13)

in which prox(-) and soft(-) are proximal and soft-thresholding
shrinkage operators, respectively.

In the process of the x-minimization (9), for F(x) in (4), when
B <1/(2¢), its proximal operator is [13]

v — ¢sign(v) 1
1-2¢8
The w-minimization (11) is a convex formulation and has a
closed-form solution, but it is not computationally efficient for
large-scale data due to the inverse computation of the multiplica-
tion of the sensing matrix, i.e., I+ p[A —I]T[A —1I])~!, which can

Prox.s(v) = (slv\sﬁ(v) +V1M>ﬁ(v)~ (14)
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be approximated by a design matrix B. Let A := (I+ p[A —I]T[A —
I]). A well-known iterative method [13] to compute B is

By = —A', (15)

By = B, (21 -AB_;), (16)

where 0 <8 <2/|AAT|;. When B, satisfies [|A~'—By|2 <¢
where ¢ is a small positive value, a nice approximate analytic so-
lution of (11) can be easily obtained without evaluating the matrix
inverse:

wel = B[ )T @ - %({A 104 - oy - ). (17)

3. Model analysis

In this section, we prove that when a class of sparsity-inducing
penalties satisfies the Definition 1 in (2), global minimum of the
model can be found. Recovery guarantees based on the RIP of the
extended matrix [A —1I] have been reported in [25].

For any matrix A =[A0 —1], define the RIP-constant Sy .k, DY
the infimum value of § such that

(1 =8)(Ixl3 + 1zI13) < IAIX"2"]"|13

< (1+8)(IIx[13 + llzl13) (18)
holds for any x with [supp(x)| <k; and z with [supp(z)| < k>.
Lemma 1. For any Xi,X RN and z;,z, e RM such that

supp(x;) Nsupp(xy) =, supp(zq) Nsupp(zz) =4, and
[supp(xq)| + [supp(X2)| < ky, [supp(z1)| + [supp(z)| < ko, there

exists |t| < 8y, 1, such that
AT 2{1"[13 = (1 + 0)l1Ix] 271713, (19)
and
|<Alx{ ] Alx; )" >|
82, o — VX 2+ 1z 2y %12 + 2212 (20)

Proof. It is similar to the proof of Theorem 6.14 of [26] and omit-
ted here to save space. O

Theorem 1. Suppose that %\/% <A< y\/% (y =1) and the ex-
tended sensing matrix A satisfies the RIP of order {2kq, 2k, } with
.
Then for y = AX — z, the solution of (5) denoted by {x*, z*}, obeys:
JX=X) < CJX ) +Gllz_g, 1. (22)

where the constants C; and C, depend on 8y, o1, and X_y, (Z_y,)
denotes the vector setting the ky (ko) largest absolute entries of X (z)
to be 0 and keeping others.

8ok, 2k, < (21)

Proof. Let u=x—x* and v=v - v*. By the definitions of x* and
z*, it is obvious that

Alu;v] =0. (23)

For notational simplicity, stacking of two vectors u and v, [u’ vI]7,
is denoted by [u; v]. Consider an index set Sy of k; largest absolute
entries of u. At first, denote So =S; US, U..., where

e S;: index set of kq largest absolute entries of u in g, o
* S,: index set of ky largest absolute entries of u in Sy U Sy, etc.

In a similar manner, index sets Ty, T;, T», ... are defined for v.

We observe that

I Alus,: v, 111 = (Alus,; v, ], Alu; v])

—(Alus,; vy ], ZAUS,, - Z vr,)

p=1 q=1
= (Alus,; v,]. > Aug, — Y vr). (24)
p=1 q=1

On the one hand, according to Lemma 1, the left hand side satis-
fies,

IAlus,: v, 1112 = (1 +0)[l[us,: vy, 1112 (25)

Recalling Lemma 1, we have

(Alus,: vy, ], Aug,) < V 3k, — E sy v ]Iz flus, [l2. (26)
(Alus,: v, ] vr,) < O 2k, — B lllasys v Tll2llvr, ll2

Inserting (26) and (27) into the left hand side of (24), we have
(Alus,;vr,]. > Aug, — Y vy,

(27)

p=1 q=1
< /%, 2k, — Elllus,: v 112 (Z llus, 112+ > llvr, ||2)- (28)
p>1 q>1

Combining (25) and (28) into (24), and applying Lemma 1 again,
we get:

(T +0)llusy: v Ill2 < /85, o, — 12 (Z llus, ll2 + > llvr, ||2)

p>1 q=1
(29)

For each p>1, the smallest and largest absolute entries of ug, are
denoted by u, and u , respectively. Similarly, va“ and v, are de-
fined for vy, with > >1 Using Lemma 6.14 of [26], we obtain:

1 N
; l[us, [l2 < ; (\/EHUS,,”l + T(u; —-u, ))

< ——=llugll + llus, [11. (30)

1
k] 4\/E
1
> vl < ——lug, I + { W -vy)
N
1

q=1 q=1
STII vl + \/»II vy |1 (31)
Inserting (30) and (31) into (29), and noticing
I[us,; v 1ll2 = \/—” so||1+\/—|| v i, (32)
Sak: 2k \/ 2k1 2k,
—2 , S.t |t| < 821(1,2](2.
182 1+t
2kq.2ky
S2ki ks < Saky 2k Oky 2k < O2ky 20,5 (33)
we have:
2
Jus, | R
V | —|u=
Fsoﬁrr Toll1 = T4t 3 Sl

1
+—=llus, [l +

1 1
——=llvgllhi + —=llvg Ilx
4,/ k] RV kz fo 4\/ k2 ’
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Fig. 1. Probability of success versus sparsity.

Vi

N

= llas, 1 + [lv, 14

Bat 2k, Vi

= llug [l + llvg 4
(1- (sgkl,zkz)/z — 8ok 21,4 \ VK1

IA

30

(34)

where Ty and Sy denote the complementary sets of Ty and Sy, re-

spectively. By the assumption of A,

ko 1
Y=g, [l + Vgl = = (a1 + lIvg 1)

Via ’
Ve
Y luglls + v < v (Mgl + v ).

N

Inserting (35) into (34) yields:

Mus Il1 + [lvg [l

(35)

Let p :=

observing that

M(ug) + llvi ]l = =0 A (ug) + (vl

L1LS-ADMM, 22.62 dB Huber-FISTA, 22.62 dB

(a) GMM noise

Huber-FISTA, 15.16 dB

L1LS-ADMM, 6.03 dB

Proposed, 19.85 dB
-g‘

o

(b) Sas noise

Fig. 2. Recovery of Cameraman image.

Y2821, 2k
= = (Muglly + llvgl1h). (36)
(1= 8% 1,)/2 = b2k, 20, /4
25
Lt 2 . Following the last inequality and

‘/(1755,(1'2,(2)/2752,{ 12k, /4
Mg )+lve I

00 nondecreasing function of 8, wi
g v T s a nondecreasing function of g8, we

have

A (us,) + vy [l
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_ Mg [l + llve Il
Mugl +llvgll =7

= M(us,) + |lvp, [l1 < p()\](ug) + ||V§||1)7 (37)

S @) + v < 1+ p) (M (ug) + v lh). (38)

Let S denote the index set of k; largest absolute entries of x and
T denote the index set of k, largest absolute entries of z. Because
of the definitions of Sy, Ty and S, T, (37) and (38) still hold with S
in place of Sy and T in place of Ty, respectively. By Lemma 4.15 of
[26], it is easy to prove

J(ug) < J(x*) = J(X) +]J(us)1 + 2/ (Xs). (39)

velly = lz*llh = Nzl + lvella + 2[lzgll (40)

Substituting (39) and (40) into (38) and employing (37), we ob-
tain:

M) + vy <

1
T2 (@) 121 = 460 + 1zl

+ 2J(x5) + 2||ZT||1) (41)
where p <1, which requires

1

8 <— 42
M S s (42)
By the definitions of x* and z*, (41) gives
1+
M) + vl < zﬁ(uxg) +lizzl1).
2(1+p)
=J(u) < m(](’%) + ”ZT”l)v (43)

which concludes the proof. O

Remark 1.1f y =1, 8y, o, </ 45 ~0492; and if y =2

S2ky 2y <4/ % ~0.165, which is better than the bound of
[27], which claims 8y, ¢, < 15 ~ 0.056 for y =2.

Remark 2. If the assumptions of Theorem 1 hold, x and z are k-
sparse and k,-sparse, respectively, then for any y <1, it is clear that
x* =x holds because J(u) =0 ¢ u=0 and J(x_,) = [[Z_,|l1 =0,
namely, the sparse solution {x, z} is the global minimum of (5).

Remark 3. From Theorem 1, J(x* — X), a function of reconstruction
error X* — X, is bounded by the tails of the signal and noise. Actu-
ally, if ||x* — X||p <, it is easy to deduce that

r
lIx* —x|l2 <

“Fo (CX k) + C2llZ_g, [11), (44)

which means the reconstruction error is bounded if the distance
between the reconstructed and true signals can be roughly esti-
mated.

Remark 4. Since the convergence analysis of ADMM with three
blocks is very hard and few references are helpful in our case,
which remains an open problem for future research. Although
the convergence of the proposed method is not proved theoreti-
cally, extensive simulation results indicate convergence in empiri-
cal sense.

4. Numerical examples

In this section, two widely used probability density func-
tions for impulsive noise, i.e.,, symmetric a-stable (SaS) (¢(w) =
exp (—y%|w|¥), a =1, y =10~%) and Gaussian mixture model

(GMM) (pn(n) = Y2, -5 exp (—'Z—'j) 0} =100002, c; =0.1 and

o
i

signal-to-noise ratio (SNR) = 30dB), are taken to model the addi-
tive noise. Simulations are implemented to evaluate the robustness
of the proposed method for sparse recovery.

In Fig. 1, compared with the YALL1 [5], L1LS-ADMM (28], Lp-
ADMM (6] and LqLA-ADMM [7], we evaluate the robustness of the
proposed method using simulated sparse signal in impulsive noise.
The simulated K-sparse signal is constructed as follows: the posi-
tions of K nonzeros are uniformly and randomly chosen and the
amplitude of each nonzero entry is generated by Gaussian dis-
tribution. A is of dimensions 40 x 200 and randomly generated
with entries drawn from the standard Gaussian distribution, and
each entry follows A(0, 1/N). If the relative reconstruction error
is less than 10~2, the recovery is regarded as a success. p =4,
B =10793 and A in each method is chosen such that the best per-
formance in terms of relative recovery error [7,29] is attained. As
can be seen, the proposed method guarantees successful recovery
for more sparse signal than the other algorithms.

In Fig. 2, performance of the proposed method is compared
with the L1LS-ADMM [28], Huber-FISTA [3]| and LqLA-ADMM |[7] in
image recovery experiments. We consider A to be a partial discrete
cosine transform (DCT) matrix via randomly selecting M out of N
rows of the full counterpart, where M = 0.5N. It has 256 x 256 =
65536 pixels. Accordingly, the ground-truth sparse X contains the
partial DCT coefficients, which is obtained from the 2096 DCT coef-
ficients with largest magnitudes using A and the real-world image,
i.e.,, Cameraman. And then we recover the coefficients from the ob-
servations corrupted by impulsive noise, and compare the recov-
ered image with the original one. Note that the coefficients of a
real-world image are not strictly sparse but rather approximately
follow an exponential decay, which is referred to as compressible
[30]. The proposed method significantly outperforms the other al-
gorithms (except LqLA-ADMM in SaS noise) with higher peak SNR
in recovering the real-world image.

5. Conclusion

By combining the concept of weak convexity with ¢; norm loss
function, a robust sparse recovery framework for impulsive noise
is proposed in (2) and theoretically analyzed. In particular, if the
extended measurement matrix satisfies the RIP with a mild con-
stant, our devised framework can robustly reconstruct the original
signal.
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