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Abstract—In mobile communication, mutual coupling between
array elements will affect the estimation performance of the
existing direction of arrival (DOA) estimators. To tackle this
problem, an accurate DOA estimation method for coprime array
is developed, where the effect of mutual coupling is eliminated
by the banded complex symmetric Toeplitz matrix, and further
weakened via two-dimensional (2-D) interpolation. The accuracy
of the proposed algorithm is verified by the simulation results
in comparison of several DOA estimation approaches as well as
Cramér-Rao lower bound (CRLB).

Index Terms—Direction of arrival estimation, mutual coupling,
array signal processing, coprime array, two-dimensional interpo-
lation

I. INTRODUCTION

Direction of arrival (DOA) estimation has been an important
issue in practical mobile communication system. Since all
parameters of sources that transmitted by user equipments
(UEs) including source types, DOA and power, play a sig-
nificant role in safeguarding system performance, accurate
DOA estimation is essential for the base station to perform
downlink precoding or beamforming. Concrete applications
can be found in the areas of radar, wireless communication
and biomedical imaging [1]–[3]. In the past few decades,
numerous DOA estimation algorithms have been proposed
for different types of arrays, such as uniform circular array
(UCA), uniform rectangular array (URA), non-uniform linear
array (NULA), to name just a few. Recently, coprime array has
attracted increasing attentions as it can achieve large degrees
of freedom (DOF) with large inter-element spacing [4]–[7].
On the basis of coprime array, some DOA estimators are
developed in literature. In [8], DECOM is proposed with
combined MUSIC for coprime array, which is superior to
conventional DOA estimation methods. However, the peak
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search in [8] is computationally demanding. Hence, to achieve
a search-free DOA algorithm, [9] is designed for coprime
arrays, where the phase ambiguities are eliminated using a
projection-like method.

Nonetheless, in practice, as antenna arrays in cognitive
radio systems may be distorted by impairments, e.g., mutual
coupling, they will seriously degrade the performance of DOA
estimators in users localization [10], [11]. The effect of mutual
coupling is first considered in [12]. In the blind calibration,
[10] is proposed with the special structure of mutual coupling
matrix (MCM) and subspace principle to provide accurate
estimation. For eliminating the effect of the unknown mutual
coupling, the banded symmetric Toeplitz structure of the MCM
in both of the transmit and receive arrays to eliminate the
unknown mutual coupling [13], [14]. Similarly, a robust sparse
bayesian learning algorithm is proposed in [15], where the
covariances of unknown nonuniform noise are updated by
using the least squares (LS) strategy.

In this paper, by employing two smaller overlapping subar-
rays from the signal subspaces, a rotational invariance formula-
tion is constructed to recover the array manifold matrix. Each
DOA is estimated by minimizing a nonlinear least squares
(NLS) fitting criterion which is solved using Newton’s method.
As MCM multiplied by the array steering matrix has the same
character with the initial steering matrix [10], the ambiguous
DOA estimation method is directly applied to estimate the
DOAs when mutual coupling is present. In addition, two-
dimensional (2-D) interpolation is utilized to further weaken
the influence of mutual coupling.

II. SIGNAL MODEL

In a cognitive radio system, as shown in Fig.1, a secondary
network shares the same spectrum with a primary network.
Suppose that we have one secondary base station (BS-S),
equipped with a ULA of M omnidirectional antenna elements.
The secondary network coexists with a primary network
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Fig. 1. Generic system model.

consisting of K primary users (PU) with a single receiving
antenna. In this work, the BS-S has no information about
the channels between the BS-S and the PU. The goal of the
cognitive radio system is to provide communications among
secondary users, without causing interference to the primary
system. Then, the components of the received signal at the
BS-S can be modeled as:

x(l) = A(θ)s(l) + n(l). (1)

Assume that there are K far-field sources, then the output
of the array is expressed as:

x(l) = [a(θ1),a(θ2), · · · ,a(θK)]s(l) + n(l), (2)

where θk is the DOA of kth target with respect to the array
normal. s(t) = [s1(t), s2(t), · · · , sK(t)]T and n(t) are source
and additive white Gaussian noise (AWGN) vectors, respec-
tively. We consider a coprime array with two uniform linear
subarrays [8] under the assumption of two subarrays with
inter-element spacing Mλ

2 and Nλ
2 , respectively. Therefore,

the corresponding steering vector is [16], [17]:

a(θk) =
[
1, e−jMπ sin(θk), · · · , e−j(N−1)M sin(θk), (3)

e−jNπ sin(θk), · · · , e−j(M−1)N sin(θk)
]
.

Hence, (2) is rewritten as:

x(l) = [A1(θ) A2(θ)]s(l) + n(l), (4)

in which A1(θ) =
[
1, e−jMπ sin(θk), · · · , e−j(N−1)M sin(θk)

]
,

and A2(θ) =
[
e−jNπ sin(θk), · · · , e−j(M−1)N sin(θk)

]
.

III. DOA ESTIMATION

A. Ambiguous DOA Estimation
The covariance matrix of the received signal is computed

by

R =
1

L

L∑
l=1

x(l)xT (l), (5)

where L is the snapshot number. The eigenvalue decomposi-
tion of R is:

R = UsΛsU
H
s + UnΛnU

H
n (6)

wherein the K eigenvectors of R corresponding to the K
largest eigenvalues from the signal subspace Us, whose first
N rows and last M − 1 rows are denoted as UsN and UsM ,
respectively. UsN is corresponding to subarray 1 and UsM

is corresponding to subarray 2. Since UsN and A1(θ) span
the same subspace, there exists a nonsingular matrix T1, such
that [18]:

A1(θ) = UsNT1. (7)

Then A11(θ) = UsN1T1, and A11(θ) = UsN1T1, where
A11(θ) = J1A1 and A11(θ) = J1A1, UsN1(θ) = J1UsN

and UsN1(θ) = J1UsN , with J1 = [IN−1 0(N−1)×1], and
J1 = [0(N−1)×1 IN−1]. As the shift invariance in ESPRIT
[18] can be described as:

A11(θ) = A11(θ)Φ1, (8)

where the Vandermonde structure matrix Φ =
diag(e−jMπ sin(θ1), · · · , e−jMπ sin(θK)) with diag(·)
representing a diagonal matrix, the rotational invariance
equation (RIE) is:

UsN1 = UsN1Ψ1. (9)

with Ψ1 = T1Φ1T
−1
1 . Based on [18], A1(θ) in (7) is iden-

tifiable. Assume that there exists an estimate of T1, denoted
as T̂1, such that A1(θ) can be recovered by multiplying the
signal subspace with T1. Then the estimate of A1(θ), denoted
as Â1(θ), is:

Â1(θ) = ÛsN1T̂1. (10)

Note that in the presence of noise, Â1(θ) in (10) is not
exactly equal to A1(θ). That is, Â1(θ) = A1(θ)ΓΣ + ∆A
with a permutation matrix Γ, a diagonal scaling matrix Σ =
diag(γ1, · · · , γK) and an error term ∆A. Let the element of
Â1(θ) be âk. Then,

min
θk,γk

||âk − γka(θk)||22, ∀k = 1, · · · ,K. (11)

This is a single-tone parameter estimation problem which can
be solved using the given measurement âk to find the angle
θk and amplitude γk. To solve this problem, the Newton’s
method is utilized. As γk is deterministic, by substituting
γ̂k = (a(θk))†âk into (11), we obtain the ML formulation
with respect to θk [19]:

θ̂k = arg max
θk
|aH(θk)âk|2, ∀k = 1, · · · ,K. (12)

As aH(θk)a(θk) = N is constant, it is neglected. Hence, θk
is updated by

θ
(l+1)
k = θ

(l)
k − µ

(l)h−1(θ
(l)
k )g(θ

(l)
k ), (13)

where µ(l) is the step-size and

g(θk) = 2<(ȧHk âka
H
k âk) (14)
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h(θk) = 2<(äHk âkâ
H
k ak + ȧHk âkâ

H
k ȧk) (15)

are gradient and Hessian, respectively. < denotes the real part,
ȧk = ∂a(θk)

∂θk
, and äk = ∂2a(θk)

∂θ2k
.

B. Unique DOA Determination

Recall that the estimate of DOA in III-A is ν̂k =
Mπ sin(θ̂k). On the basis of coprime array, DOA is actually
estimated from the first N rows of UsM , termed as θ̂k,M .
Then, we have:

sin θ̂k,M = ν̂k/(Mπ), k = 1, · · · ,K. (16)

We need to recover all estimation results based on the am-
biguous estimations. According to the idea in [8], all the M
estimations are obtained, but the correct estimation should be
obtained by finding the coincide one or the average of two
nearest ones from the M estimations. Following the same
procedure from (7) to (16), we utilize the subspace UsM of
the second subarray to obtain the estimated DOA from the last
M − 1 rows, denoted as θ̂k,N . Then,

sin θ̂k,N = η̂k/(Nπ), k = 1, · · · ,K. (17)

We conclude that the DOA is finally estimated by

θ̂k =
θ̂k,N + θ̂k,M

2
. (18)

C. DOA Estimation with Mutual Coupling

In practice, interactions between the elements of the array
will result in mutual coupling, as shown in Figs. 2 and 3,
which distorts the ideal steering vector significantly. In this
case, the true steering vector is modified as:

am(θk) = Ca(θk), (19)

where C is the MCM with symmetric Toeplitz form:

C =



1 c1 · · · cp−1 · · · cP−1

c1 1 c1 · · ·
. . .

...
... c1 1 c1 · · · cp−1

cp−1 · · ·
. . . . . . . . .

...
...

. . . · · · c1 1 c1
cP−1 · · · cp−1 · · · c1 1


P×P

, (20)

and P = M +N − 1, ci = ρie
jφi(i = 1, 2, · · · ,M +N − 2)

is the mutual coupling coefficient with the amplitude ρi and
the phase φi.

Fig. 2. The effect of mutual coupling.

Fig. 3. The effect while adding auxiliary arrays.

When two sensors are far from each other, the mutual
coupling coefficients between them can be approximated as
zero. Hence, the ULA coupling model is often considered to
have just finite nonzero coefficients. In the existing methods
[13], [14], a banded symmetric Toeplitz matrix is used to
eliminate the effect of the mutual coupling. Based on this
model, we assume that there are p nonzero mutual coupling
coefficients. That is to say, for the ith sensor, coupling comes
from the (i− p+ 1)th, ..., (i− 1)th, (i+ 1)th, ..., (i+ p− 1)th
sensors. Then the output of the M + N − 1-element array is
written as:

y(l) = Cx(l) = CA(θ)s(l) + n(l), (21)

where C is the MCM with updated form as:

C =



1 c1 · · · cp−1 0 0

c1 1 c1 · · ·
. . . 0

... c1 1 c1 · · · cp−1

cp−1 · · ·
. . . . . . . . .

...

0
. . . · · · c1 1 c1

0 0 cp−1 · · · c1 1


P×P

. (22)

The spatial covariance matrix of y(l) is presented as:

Ry =
1

L

L∑
l=1

y(l)yT (l), (23)

Performing the eigenvalue decomposition on Ry:

Ry = UysΛysU
H
ys + UynΛynU

H
yn, (24)

then we have [10]:

span{CA(θ)} = span{Uys}. (25)

As the MCM multiplied the array steering matrix has the same
character with the initial steering matrix, the DOA estimation
algorithm in Section-III can be applied to estimate the DOA
in mutual coupling signals with the use of subspace Uys. To
further eliminate the mutual coupling effect on DOA estimator
and simplify the computational complexity of the covariance
matrix, four sub-covariance matrices on Ry are constructed
as:

R1 = Ry(1 : M +N − 2, 1 : M +N − 2), (26)
R2 = Ry(1 : M +N − 2, 2 : M +N − 1),

R3 = Ry(2 : M +N − 1, 1 : M +N − 2),

R4 = Ry(2 : M +N − 1, 2 : M +N − 1).
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Then we perform the eigenvalue decomposition on the four
constructed matrices to obtain their subspaces for DOA esti-
mation using the procedure from (6) to (18). To investigate
the performance, we compare the mean square error (MSE)
of the proposed algorithm with the use of Ry, R1, R2, R3,
and R4, respectively. The MSE is defined as:

MSE =
1

KQ

K∑
k=1

Q∑
q=1

(θ̂k,q − θk)2, (27)

where θ̂k,q denotes the estimation of DOA of kth signal
in the qth Monte-Carlo round. Q is the number of Monte-
Carlo runs. We use Q = 200 in the simulation. As shown
in Fig. 4, it is observed that the MSE of using R3 or R4

outperforms that with R1 or R2, respectively. Moreover, the
MSEs of R3 and R4 enjoy comparable performance with that
by Ry. Therefore, it is intuitive to average DOA only from
the estimates of R3 and R4, namely,

θ̂k =
θ̂k,R3 + θ̂k,R4

2
. (28)

where θ̂k,R3
and θ̂k,R4

denote the DOA estimates based on
R3 and R4, respectively.
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Fig. 4. MSE versus SNR.

IV. NUMERICAL RESULTS

In this section, computer simulations are conducted to
evaluate the performance of the proposed algorithm, where
the coprime array sizes are M = 7, N = 5, and the number
of snapshots is L = 10. All results comes from the average of
200 Monte-Carlo runs, and are performed on the MATLAB
R2017b of 64-bit Windows 10 operating system with 1.70
GHz Intel Xeon CPU E5-2609 and 32 GB RAM.

In the first test, the DOA is assigned at 8◦. The num-
ber of nonzero mutual coupling coefficient is P = 1 and
c = e−jπ

35
180 . As shown in Fig. 5, all methods can approach

the Cramér-Rao lower bound (CRLB) when the signal-to-noise
ratio (SNR) is larger than 10 dB, except the method in [15]
with the SNR threshold larger than 15 dB. The proposed

method performs the best performance among all methods in
comparison.

To further investigate the performance of the proposed al-
gorithm, the case of multiple sources is considered with DOA
= [3◦ 8◦]. The number of nonzero mutual coupling coefficient
is P = 2 and c = [e−jπ

10
180 e−jπ

45
180 ]. The corresponding result

is plotted in Fig. 6. We can see that the performance of the
proposed method and [14] are comparable, and both of them
are superior than [15].
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Fig. 5. MSE versus SNR for DOA=8◦.
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V. CONCLUSION

In this paper, the problem of DOA estimation on the coprime
array is addressed, where the ambiguous DOA estimator is
developed at first without mutual coupling. Then, with the
help of the banded complex symmetric Toeplitz structure to
eliminate the effect of mutual coupling, the ambiguous DOA
estimator is applied as the solver. Therein 2-D interpolation
based on covariance matrix is utilized to further weaken
the influence of mutual coupling. Numerical results have
been conducted to verify the effectiveness of the proposed
algorithm.
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