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Conventional direction-of-arrival (DOA) estimators are vulner-
able to impulsive noise. In this paper, to tackle this issue, a class
of weakly convex-inducing penalties is introduced for robust DOA
estimation via low-rank matrix approximation, where ¢, {-norm is
adopted as the metric for suppressing the outliers. Two iterative al-
gorithms are developed to construct the noise-free data matrix. To
avoid determining the number of sources, the DOAs are estimated
by exploiting the special joint diagonalization structure of the con-
structed signal covariance matrix. Compared with several existing
algorithms, the proposed methods enjoy faster computation, similar
DOA estimation performance against impulsive noise and requiring
no a priori information of the source number. Numerical experiments
are included to demonstrate the outlier-resistance of our solutions.
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[. INTRODUCTION

Narrowband far-field source localization using sensor
arrays has been playing a fundamental role in many ar-
eas including radar, sonar, and wireless communications
[1]-[3]. In array signal processing, this problem is also
known as direction-of-arrival (DOA) estimation. The chal-
lenge of direction finding arises from the fact that the
observed snapshots are nonlinear functions of the DOAs.
The well-known subspace-based methods, e.g., MUSIC [4],
PUMA [5], and Capon’s method [6], require that the num-
ber of sources is known a priori. Unfortunately, the source
number is usually not available in practice, and source enu-
meration is not an easy task [7]. Furthermore, these es-
timators cannot perform well in the presence of outlier-
contaminated observations as their derivations are based on
additive Gaussian noise assumption.

In practical applications, the measurement noise may
be of different kinds and exhibits non-Gaussian properties,
where impulsive noise is a typical case [8], e.g., Gaussian
mixture model (GMM) [9], compound Gaussian model
(CGM) [10], and symmetric «-stable (SaS) distribution
[11]. Since the impulsive noise can model outliers well, it
has also been widely studied in robust statistics [12], [13].
Compared with the Gaussian noise, the probability den-
sity function (PDF) of impulsive noise has heavier tails,
which exceeds a few standard deviations than the Gaus-
sian distribution. Therefore, the performance of the conven-
tional second-order statistics-based DOA estimators [14],
[15] may greatly degrade when encountering the impul-
sive noise. That is to say, they are no longer appropriate
in a non-Gaussian environment, largely due to their nonro-
bustness against even a small number of outliers. Based on
the fractional lower-order statistics, various DOA estima-
tors have been proposed to deal with the outliers, including
ROC-MUSIC [16], FLOM-MUSIC [17], and SCM/TCM-
MUSIC [18]. However, these algorithms are suboptimal
and offer a satisfactory DOA estimation performance at the
expense of requiring a large number of sample sizes. Other
robust DOA estimation algorithms such as MM-MUSIC
[19], MT-MUSIC [20], EM-MUSIC [9], and ¢,-MUSIC
[21], are proposed to compute the sample covariance ma-
trix and then apply conventional subspace-type technique
for direction finding, which achieve higher resolution than
the fractional lower-order statistics-based algorithms. Note
that the £ ,,-MUSIC exhibits anumber of advantages over the
conventional subspace-type algorithms and several outlier-
resistant approaches. However, the £,,-MUSIC cannot work
without the prior knowledge of the number of sources, and
so is the robust G-MUSIC [22]. A DOA estimator [23] via
algebraic structure of the noise subspace has been devel-
oped for source enumeration, but it is not robust against the
impulsive noise.

Low-rank matrix approximation (LRMA) has attracted
considerable research interests in many important areas,
such as machine learning, signal and image processing,
and computer vision, especially with high-dimensional
datasets, which is also widely used in principal component
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analysis (PCA) [24]. The purpose of LRMA is to extract
the low-dimensional subspaces or principal components
of the matrices constructed from these signals. Although
PCA, which can be easily realized by the truncated singu-
lar value decomposition (SVD), is a standard tool to tackle
this task, it fails to work in the presence of non-Gaussian
disturbances and/or outliers. It is because the design of
PCA basically utilizes the £,-norm minimization or least
squares, indicating that it is only perfect for additive Gaus-
sian noise, which motivates the development of the robust
PCA (RPCA) [25], [26]. However, the RPCA is computa-
tionally demanding because full SVD is required. Since the
covariance matrix of uniform noise is an arbitrary unknown
diagonal matrix instead of a scaled identity matrix, to cir-
cumvent this problem, IRMD-MUSIC [27] is proposed to
determine the noise-free covariance matrix by nuclear norm
minimization. Furthermore, Pal and Vaidyanathan [28] have
suggested using a low-rank matrix denoising approach fol-
lowed by a MUSIC-like subspace method to estimate the
DOA:s. In [29], by exploiting the Toeplitz structure of the
covariance matrix of the array output, a low-rank matrix re-
construction method for DOA estimation is devised via ap-
plying alternating direction method of multipliers (ADMM)
[30] as the solver. However, in the presence of impulsive
noise, their performance of DOA estimation will degrade
substantially.

In this paper, by adopting the LRMA framework, our de-
veloped methods are able to achieve faster computation, but
enjoy comparable DOA estimation performance in impul-
sive noise. Our contributions lie in combining the concept
of weakly convexity with LRMA framework to derive two
iterative methods for noise-free data matrix construction in
the presence of impulsive noise. Note that there is no need
for the source number information as we exploit the spe-
cial joint diagonalization structure of the constructed signal
covariance matrix. Also, no assumptions on the models of
noises and signals, and sparsity of the sensor array, are
required. Furthermore, our schemes are computationally
attractive and able to compute the spatial spectrum without
rank information.

The rest of this paper is organized as follows. In
Section II, the signal model for DOA estimation is estab-
lished and the corresponding preliminaries are introduced,
including weakly convex sparsity-inducing function and
LRMA. The proposed methods for DOA estimation are de-
rived in Section III. Numerical examples are provided in
Section IV, followed by conclusions in Section V.

[I. PROBLEM FORMULATION AND PRELIMINARIES
A. Signal Model

Consider K narrow-band far-field uncorrelated sources
sk, k € {1, ..., K}, impinging on a uniform linear array
(ULA) of omnidirectional (2M + 1) sensors from direc-
tions 6 € [—90°, 90°], where the distance between adja-
cent sensors is d. To avoid phase ambiguity, the intersensor
spacing is set to be half the wavelength A, i.e.,d = A/2. Let
N be the number of snapshots, at the 7th time instant, the
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(2M + 1) x 1 array observation output is written as

K
x(t) = Z a(O)se(t) +n(t) = A(0)s(t) + q(2),
k=1
t=1,....N (1
where x(¢) = [x_p (1), ..., xp(t)]" with superscript 7 be-
ing the transpose operator, a(d) = [a;(0), ..., ay(0)]" is

the array response to a unit-amplitude source in direction
0,0 =0, ...,0k]" is the source direction vector, A(f) =
[a(0)), ...,a(0k)] is the (2M 4 1) x K array steering
matrix with a(0;) = [e/Z MO 1, ..., e iZMT
t(k) =d/ksin(B), j=~=1, s@) =1[s100), ..., sx@)]"
contains the source complex signal amplitudes at time ¢,
and q(t) = [q1(?), ..., qu(t)]" is the additive noise vector
at time 7.

Collecting the N snapshots, the matrix form of (1) can
be written as

X=A0)S+Q 2

where X= [x(1}), . .., X(ty)] € CEM+DXN § — [s(1)), .. .,
s(ty)] € CFV, and Q = [q(1), ..., q(ry)] € CEMFTDN,
In the presence of impulsive noise, the PDF of q(¢) has
heavier tails than the Gaussian distribution, which has a
few large values. These large values are considered as out-
liers. In this study, the noise data matrix Q is assumed a
column-wise sparse matrix. It is because when the jammer
signals arrive at some sensors at time ¢, these sensor outputs
corrupted by the jammers at the th snapshot will turn to
large values, so that the element modulus of the 7th column
of Q will be large with a high probability and Q is finally
a column-wise sparsity matrix when collecting all snap-
shots. Since the array steering matrix A(@) is of full column
rank, it can be easily verified that rank(A(#)S) =r < K
for K < (2M + 1) < N. Consequently, the noise-free data
matrix P = A(0)S is of low-rank. We are interested in re-
covering the noise-free data matrix P from the noisy X
corrupted by Q. The noise-free data covariance matrix R is
computed as

R = %E{PPH} = AO)R,AT(9) 3)

where R; = E{s(t)s"(t)} = diag(¢?) and o2 = [0}, ...,
o2]1". Here, E{-}, ¥, and diag(-) denote the expectation,
Hermitian transpose, and diagonal matrix with elements
being its diagonal, respectively.

B. Low-Rank Matrix Approximation

In LRMA, it is assumed that the data lie near some low-
dimensional subspace, then the matrix should have (approx-
imately) low-rank. In order to recover the low-rank matrix P
from the given observation matrix X corrupted by the noise
matrix Q, it is straightforward to consider the regularized
rank minimization problem, which seeks the best rank-r P
by solving

ml}n rank(P), st.X=P+ Q. )
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Fig. 1. Relationship between F(-) and H(:).

Unfortunately, the problem of rank minimization in (4) is
NP-hard in general because the rank is discrete and noncon-
vex. Analogous to the strategy of employing the £;-norm
instead of the £y-norm for sparse signal recovery [31], con-
vex relaxation of (4) leads to the nuclear norm minimization

mPin [IP]]s, s.t.X=P+Q 5)
where the nuclear norm |[P||,, = Y ._, 0;(P) denotes the

sum of singular values of P. In the presence of the outliers,
RPCA [26] is applied to modify (5) as

Ill}glllPll*+)»||Q|I1, st.X=P+Q (6)

where || - ||; denotes the £;-norm of a matrix and A is a regu-
larization parameter. Although (6) is a convex optimization
and global minimization is guaranteed, it has a high com-
putational cost even fast algorithms are employed because
full SVD is required [24], [32]-[34].

Motivated by the fact that a weakly convex function as
an approximation of the £y-norm is able to better induce
sparsity than the ¢;-norm [13], [35], we propose to extend
a weakly convex function in LRMA. Another possible way
to relax (4) with function J is

min J(P), s..X=P+Q 7)

where J(-) belongs to a class of weakly convex sparsity
inducing functions, and is defined as

M
J(P) £ )" F(oi(P) ®)

i=1

with F(-) being a weakly convex sparseness measure. That
is, F'(-) is weakly convex if and only if there exists a convex
function H(p) = F(p) + &p*> when& > 0. F(-)at& = 0is
the special case of ¢;-norm. Taking one of weakly convex
penalties, namely, minimax concave penalty (MCP) [35] as
an example, we can see that both F(-) and H(-) are convex
at§ = 1, while they are weakly convex at§ = 0.5, in Fig. 1.
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A class of weakly convex (nonconvex) functions has
been proposed to induce sparsity [35]. The definition is:

DEFINITION 1

1) F(0) =0, F(-) is even and not identically zero.
2) F(-)is nondecreasing on [0, +00).

3) F(-)is concave on [0, +00).

4) F(-)is weakly convex on [0, +00).

From [35, Lemma 1.1], F(p)/p — @ as p — 0 for
@ > 0. Hence, according to Definition 1, p £ & /& charac-
terizes the nonconvexity of F(-) and J(-), where & divided
by @ is to remove the scaling effect on the penalty. The
J(-) belongs to a class of weakly convex sparsity inducing
functions in Definition 1, and possesses some “favorable”
properties so that (7) can be solved by tractable algorithms
and results in low-rank solutions. Compared to (4), the main
advantage of (7) lies in the fact that it does not require the
rank information, i.e., K. Thus, works [35]-[38] adopting
other low-rank inducing penalties in (7) empirically demon-
strate better recovery performance when compared with the
nuclear norm.

In this paper, motivated by the fact that £, ;-norm can
detect outliers with column-wise sparsity in the presence of
impulsive noise, we apply it as the metric for the residual
error to propose the following robust formulation:

IlglglJ(P)Jr)»IIQllz,l, sLIX—P—-Qlz <e (9

where the ¢, ;-norm is defined as ||Q||2,1é2j.\’:1

,/Zfﬁ“([Q]i, ;)? and € is error tolerance parameter. In

this formulation, large errors due to the outliers for each
data point are ||[Q]. ||, which are not squared. Herein, the
large errors do not dominate the objective function. Note
that it is easily proved that £, ;-norm is a norm because it
satisfies three conditions, namely, positive scalability, tri-
angle inequality, and existence of a zero vector [39].

[lI.  PROPOSED DOA ESTIMATORS
A. LRMA-ADMM

In this section, to stably recover P and Q, instead of
directly solving (9), we solve the following problem:

min J(P) + QI + SIX~P = QI (10)
It is well demonstrated in [40] and [41] that (10) is equiv-
alent to (9) for some pairs of A and p, where p is the
penalty parameter. As a variant of the augmented La-
grangian method, ADMM is well-suited for distributed op-
timization, which utilizes a variable-splitting scheme to de-
couple components in the cost function and solves the opti-
mization problem effectively in an alternating minimization
manner. We apply ADMM to solve (10). Toward this goal,
the augmented Lagrangian of (10) is written as

LEP,Q.T)=JP)+AlQl21+ <T.X-P-Q

"
>+ ZIX=P-Ql; an
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where I is the dual variable, and < -, - > denotes the stan-
dard trace inner product,i.e., < A,B >= trace(A"B). Note
that the last term of (10) is combined into %||X —P-Q |}.
Thus, the separable function defined in (8) can be expressed
as the Moreau envelope [42] of the weakly convex function,
i.e.,
# . A 2

J(P):mvm{J(V)-q-EHP—VHF}. 12)
If the nonconvexity parameter p is small enough such that
p < i [35], then the objective function in (12) is strongly
convex, and the minimizer is unique.

Now, we proceed to unveil each step of the ADMM for
problem (10). Specifically, we optimize problem (11) with
respect to one variable while fixing the others, which results
in the following subproblems.

In the (# 4+ D)th iteration, the update of P is

t

P+ = argmin J(P) + %HP CX—Q T
(13)
Since F(-) is concave on [0, +00) in Definition 1, by the
definition of the supergradient [43] and Lemma 1, we have
F(0;(P)) < F(0;(P")) + f(0:(P))(0:(P) — 0;(P")) (14)
where f(o;(P")) € dF(0;(P")), and Lemma 1 is given by
[44, Proposition 4.8].

LEMMA 1 Let F(-) be a weakly convex function with pa-
rameter p on S € {1, 2, ..., N}. Then, the inequality

F(p2) = F(p)+ < f(p). p2 — p1 > +pllp1 — pal?
15)
holds for all p, € intS, p, € S,and f(p;) € dF(p;), where
[| - || denotes the induced norm of the inner product in S,
and the interior of S is denoted as intS.
Without loss of generality, for P € RCM+TDXN with rank
K, we adopt the convention that its singular values are
arranged in nonincreasing order

o(P) =+ =0k(P)>0=0k.1(P) ="+ =02y11(P).
Due to the antimonotone property of supergradient, we have
0< f(a1(P)) <--- < floamr1(P)). (16)

Hence, it motivates us to minimize the right-hand side
(RHS) of (13) instead of F(o;(P)). Moreover

2M+1

P = arg min Z; F(oi(P) + f(0:(P))(0:(P) — 0;(P))

'ut
+ S IP = (X = Q + T/l

2M+1

= arg mPin Zl: f(O’i(P,))Ui(P)

,ut
+ S IIP = (X = Q'+ T/l
=U,T,r(Z)V) (17
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where the global optimal solution is given by the singu-
lar value thresholding U, T;#(%,)VH in [45, Lemma 3]
and T, p(-) is the proximal operator of the weakly con-
vex function. The SVD of (X — Q" + I'" /i) is defined as
X —-Q +T7"/u") £ U[Z,, 0]V, Uand V are orthogonal
matrices and ¥, = diag(o?, ..., 072) with {o7}/_, being the
singular values. The corresponding truncated SVD is com-
puted as U, %, V¥, where U, and V, are composed of sin-
gular vectors corresponding to the r largest singular values
in U and V, respectively.

REMARK 1 Note that the rank information is needed in
SVD computation in (13). However, the rank information
is usually not available in practice. Here, to use prediction
rule to determine the rank information [46], we only need
those singular values that are larger than a given threshold
and their corresponding singular vectors. The prediction
rule is defined as

fl'H _ rt + 1’
~ | min(+" + round(0.1d), d), if r' =

if ! <f!

(18)

where d = min2M + 1, N), 7' is the predicted rank, and
r' is the number of singular values in the #* singular values
that are larger than the inverse of u'. We initialize 7' as
#0 =9, where sgn(-) denotes the sign of a quantity with
sgn(0) = 0.

The update of Q is

) w
Q' = argmin 2[[Qll2,1 + S-1Q — (X - p!

+ T /NI (19)

LEMMA 2 LetW' = X — P'*! 4-T/;i". Since the problem
(19) is convex with Q, it has a global solution Q*, where its
jth column is [47]

Q)=

t . A
WG, DIz — 7
||Wt( J)”Z Wf(’])’ lfl% < ||Wt(v.])||2 .

0, otherwise

(20)

It is well known that £, ;-norm is a sparsity-inducing norm
defined as the £;-norm of the columns of Q.
The update of the dual variable I is

1—~I+1 — l—vt + MI(X _ Pl+1 _ Ql+1) (21)

where w/*! is updated by min(u’,,., pu') and p > 1. It is
worth mentioning that a choice of stepsize to be increasing
(but upper bounded) is effective in improving the conver-
gence of ADMM for nonconvex optimization [48]. The
steps of LRMA-ADMM are summarized in Algorithm 1.

We now analyze the convergence of LRMA-ADMM.

From Definition 1, we observe that the nonconvex reg-
ularizer is continuous, concave, smooth, differentiable, and
monotonically increasing on [0, +00), and its gradient is
nonnegative and monotonically decreasing.
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Algorithm 1: LRMA-ADMM.
Input: X, M, N
Initialize: A, 7°, u°, p
forr =0,1,...do
repeat
Update P'*! according to (17);
Update Q'*! according to (20);
Update I'"*! according to (21);
W = min(ul,, . opt):;
until termination condition satisfied.
end for
Output: P

THEOREM 1 Suppose Y i_, %
starting point {P°, I'’}, the sequence {P’, Q’,I''} gener-
ated by LRMA-ADMM via (17), (20), and (21) is bounded
and converges to a stationary point of the problem (11) if

lim,_, oo (P — P*+1) = 0.

< oo and arbitrary

PROOF See Appendix. |

B. LRMA-IRLS

In this section, we consider a special case of weakly
convex function, i.e., Schatten p-quasi norm of a matrix.
Using the Schatten p-quasi norm ||P| |§p =Y. o/ (P) with
0 < p < 1,1i.e, the [,-norm of the singular values, instead
of the nuclear norm could further improve the performance.
When p = 1, the Schatten p-norm ||P| |§p is the trace norm

or nuclear norm. When p — 0, the Schatten p-norm ||P| |’S’p
will approximate the rank of P.

REMARK 2 It needs to be emphasized that the widely used
p-quasi norm (0 < p < 1) in the literature for sparse re-
covery does not belong to the class of sparsity-inducing
penalties considered in this paper [35]. This is due to the
fact that the function |x|”, p € [0, 1) goes against Defi-
nition 1 4) and Lemma 1. However, with approximation
to |x|? to avoid infinite derivative around zero point, i.e.,
F(x) = |x|(Jx] + )’ !, pe[0,1), € >0, F(x) satisfies
Definition 1. Similarly, extending the p-quasi norm of a
vector to the Schatten p-quasi norm of a matrix, Schat-
ten p-quasi norm still goes against the Definition 1 4) but
satisfies 1)-3), which has been proved in [49].
We exploit the fact

2M+1 2M+1

3 (0:(PTP)) % < > (0:(PTP) + €2)*
i=1 i=l1

2M+1

= ; (0:(PTP + €I))
-[L4]

2 J(P).

P
I1PlI%
P
2

p

Sp
(22)
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For p > 1, J(P) is convex with respect to P for a given
€, which can be easily proved by using the convexity of
Schatten p-quasi norm when p > 1. Note that in sparse
recovery [50], [51] and matrix completion [36], [52], (22) is
popular to use for approximating the nonsmooth functions,
e.g., the p-quasi norm when 0 < p < 1.

REMARK 3 Since J(P) in (22) is concave on [0, +00) and
smooth, the inequality in Lemma 1 holds when p =0,
which is the result of

24 xPYE — (24 ) — YY)
(6 +|-x| )2 (E +|)’| )' (62+|x|)1_1’/2 20
extending to matrices.

LEMMA 3 (SEE TH. 4.4 IN [18]) Let F(-) be a function
satisfying Definition 1 1)-3). For any Py, P, € RGM+DxN

K K
D Foi(Pr—P2) = ) (F(oi(P) — F(oi(P)) (23)
i=1 i=1
holds forall K =1, ...,2M + 1. Lemma 3 shows the sub-
additivity of singular values, and this is a generalization of
the result F(p; + p2) < F(p1) + F(p2) for py, p» > 0 in
[35]. Based on Lemma 2, J(P) defined in (22) satisfies the
weakly convex function of Definition 1 4) [35].

Next, based on the smoothed version of Schatten p-
quasi norm in (22), the iteratively reweighted least squares
(IRLS) method is employed as a fast solver to deal with the
robust formulation (9). The main challenge for solving (9)
is that the residual error term is nonsmooth. By introducing
a regularization term, (9) is relaxed as

. X—-P
min @)+ || %5 4

2,1

where 1 € RM is the vector of all ones. The term €17 makes
the objective function smooth.
Equivalently, (24) is rewritten as

min trace(P'P + D)%) + A 2%10 IX — P|2 4 €%)7.
- 25)
Since the objective function J(P,€) = trace(P7P +
D% + k2§1(||x —P|)2+¢2)7 in (25) is smooth, we
take its deri\l/:tlive

0T (P €)

5 = PP+ DT L AX-PD  (26)

D;; = (/|(X — P);[3 +€))° (27)

where D is a diagonal matrix with ith diagonal entry being
D;;. Therefore, setting (26) to zero results in

pPPYP + DT + AX—PD=0. (28

As a consequence, we have
B 2 (PHP + D' (29)
3607



Algorithm 2: LRMA-IRLS.
Input: X, M, N
Initialize: 1, ¢, p, p
forr =0,1,...do
repeat
Compute the derivative of 7 (P, €) in (25);
1) B+ « (PHP + 1),
2) P« (1/0)I —=BOD + B)~'X;
where D;; = (||(X — P);[|3 + €))%
until termination condition satisfied.
end for
Output: P

P=0I+BD ) )X

=(1/M)I-BAD +B)"'X (30)
where ~! denotes the inverse operator. However, it should
be pointed out that (30) is not the solution to the problem
(24) for fixed B and D. In fact, (30) denotes the relationship
under which the critical point exists. Therefore, it is natural
to estimate D, B, and P iteratively according to (27), (29),
and (30). An iterative procedure is adopted, which is shown
in Algorithm 2.

REMARK 4 For any given € > 0, any limit point of the se-
quence {P'} generated by LRMA-IRLS is a stationary point
of problem (24). The proof of IRLS has been completed in
low-rank representation [36], [37], [52] with the constraint
function X = XZ + E. The proof of LRMA-IRLS is simi-
lar to [37, Th. 2] by setting XZ = P and E = Q, and thus
omitted here.

C. DOA Estimation

Once the estimated noise-free data matrix P is obtained,
the DOAs can be estimated using the subspace-type DOA
estimation methods, such as MUSIC. According to the prin-
ciple of MUSIC, the spatial spectrum is

P £ 1
MUSIC™ al ()1 — U,UM)a(6)

3D

where P = U ZJVSH , the columns of U and V; contain the
left and right orthonormal base vectors of P, respectively,
and X, is a diagonal matrix whose diagonal elements are
the singular values arranged in descending order. Under the
assumption that the number of sources is known a priori,
the DOAs are determined by searching for the maxima of
spatial spectrum.

REMARK 5 Using the subspace-type DOA estimation meth-
ods to obtain DOAs, the number of sources must be known
for separating the noise and signal subspaces. When the
source number is unknown, it can be determined using
conventional methods such as Akaike information criterion
[53] and minimum description length [54], but they are ef-
fective only when the noise is spatially white. Nevertheless,
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a mismatch in the source number information will lead to
performance degradation of DOA estimation [55].

Now, we estimate DOAs even when there is no a priori
information of the source number. Since it is assumed that
the source signals are uncorrelated, R, is diagonal. When P
is obtained, the (m, n) entry of the signal covariance matrix
R can be expressed as [56]

K
R(m,n) = de,kejzm"k,m,n =-M,...,0,.... M
k=1
(32)

where d,, ; = o?e/>"™*. Based on the mth row of R, we

form the Toeplitz matrix as follows:

R(m, 0) R(m, 1) R(m, M)
R R(m, —1) R(m,0) --- Rim,M —1)
R(m,.—M) R(m, M +1)- y R(n%, 0)
= A0)(R,},A" ()
K
= Y dna0)a" 0)) (33)

a-
Il

1

where A(#) denotes a steering matrix with the kth steer-
ing vector being a(@) = [1, e /277k . ¢ /2TMTT "and
{Ry}m = diag{dm 1, ..., dn x}. It means that R,, have the
joint diagonalization structure and span the same range
space of A@9),ie.,

range(R,,) = range(A(9)). (34)

Therefore, we can utilize these (M + 1) matrices R,, to
identify the range space of the array manifold matrix A(6)
and estimate the DOAs. For the kth source, there always
exists a vector by that is orthogonal to the range space
spanned by the steering vectors except for a(6), i.e.,

by L range{a(d)), ..., a(Gk_1), a(Gx+1), ..., a(0k)}. (35)

Equivalently, we have

al @by, i =k
all (0,)b, = ’ ) 36
a’ (0;)by 0. Pk (36)
Substituting (36) into (33) yields
K
R, b = dy @(00a" 0)bi = 2,80  (37)
k=1

where the geometric interpretation of (37) is that when
6 is one of the true DOAs, there exists a scalar g, =
d, 12 (6,)b; making R,, b, and a(6;) parallel, i.e.,

R,b=g,a0), - M <m <0 (38)
which leads to the following optimization problem:
0
m@mm;M IR,b — g, a0)| stllgll=1 (39
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where the constraint ||g|| = 1 is to avoid the trivial solution
of (39), i.e., {b =0, g = 0}. However, (39) is difficult to
solve since only 6 is of interest while b and g are unknown
nuisance parameters. To cope with this issue, we attempt to
simplify (39) via expanding the objective function

0
ngnbﬂ( > R,{{Rm)b—b”< Z gmRY a(9)>

=M _

( Z gna" (O)R,, )

s.t. ||gl] = 1.

+a"(0)a(0) Z |gml®

m=—M
(40)
where a7 (0)a(0) = M + 1 and Y0 __, |gnl* = llgll® =
1. Denoting F2 Y°_  RYR,, and G() £ [R”,,a(0),
. RPa(0)], (40) is rewritten as
min 7 (6, b, ) 2 bAFb-b GO)g—2" G (O)b+M+1

st gl = 1. A1)

Fixing 6 and g, we set the partial derivative of 7(6, b, g)
with respect to b* to zero to obtain

3J(6,b
370.5.8) _ gy Goyg=0 42)
ab*
and the solution is
b* = F'GO)g (43)

where T denotes the Moore—Penrose pseudoinverse. Sub-
stituting (43) into (41), the optimization problem is trans-
formed into

rrgnM +1-g""GHOF'GO)g, stlgl=1 (44
which is also equal to
max g"GHOF'G®)g, st |lgll=1. (45)
Thus
M+1
max s "GH(OFIGO)g = max gl Z kiuiuﬁg
M+1 )
= max ; Ailgu;
= imux (G (O)F'G(0)}  (46)

where A; are the eigenvalues of G (6)F'G(6) with corre-

sponding eigenvectors u;. Therefore, for (44), DOAs are

estimated by finding the maxima of power spectrum P(6)
1

M 41 — Anax (G (O)FTG(6))}

where the source number information is not needed. The

procedure is described in Algorithm 3.

P@) 2

47)

V. SIMULATION RESULTS

In this section, the performance of the proposed methods
is compared with MM-MUSIC [19], £,-MUSIC [21], and
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Algorithm 3.

Input: f’, M, N
1) Calculate the noise-free data covariance matrix R:
R = LE(PP"};
2) Choose the first M 4 1 rows of R and each row is
utilized to form the Toeplitz matrix as (33);
3) Construct F and G(6):
F=3,_ uRiRu,
G@®) = [RfMa(Q), Rg’a(e)];
4) Find the maxima of power spectrum P(0):
P@©) = M+1—xmx{(1}H(6)F1'G(0)} :
Output: DOAs are obtained from the peaks of P(0).

average conditional Cramer-Rao bound [9], [57], [58] for
DOA estimation. The impulsive noise is taken to model
the additive noise. Three types of impulsive noise, namely,
SaS, GMM, and CGM distributions, are adopted in q(t).

A. SaS

The SaS distribution with zero-location, whose charac-
teristic function is expressed as
p(w) = exp (—y“lwl) (48)
where 0 < o < 2 is called the characteristic exponent that
describes the tail of the distribution, and y > 0 is the scale.
When o = 2, the «-stable distribution reduces to the Gaus-
sian distribution and y? is similar to the variance of the
Gaussian distribution. When o = 1, the «-stable distribu-
tion becomes the Cauchy distribution. When o < 2, o-
stable noise shows heavy tails and hence is impulsive. The
smaller the value of «, the more impulsive the noise is.
Since the second-order and higher-order moments of the
a-stable distribution are infinite for o« < 2, the commonly
used signal-to-noise (SNR) is meaningless in this case. In-
stead, we employ the generalized SNR (GSNR) [21], [58],
[59]: GSNR = E{|s(n)|*}/y“. In our simulations, o = 1.8
and y =0.1.

B. GMM

The PDF of the two-term Gaussian mixture noise is

2
Z_exp( '”'2)
— ‘71‘2

(49)

where 0 < ¢; <1 and al.z are the probability and variance
of ith term, respectively, with ¢; + ¢ = 1. If 67 > o{ and
¢y < c) are selected, large noise samples of variance 022 oc-
curring with a smaller probability ¢, can be viewed as out-
liers embedded in Gaussian background noise of variance
of. Therefore, GMM can well model the phenomenon in
the presence of both Gaussian noise and outliers. In our sim-
ulations, 02 1000*1 ,co = 0.1, and SNR = 30dB. Hence,
there are around 10% noise samples that are considered as
outliers.
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C. CCG™M

It is modeled by a product for two random variables:
7 = 4/xy, whose envelope characteristic function is given

by
o*\
Y(w) = <1 + ﬁ) .

This corresponds to the K -distributed envelope whose PDF
is [10]

(50)

2 o
Jr(2) = 2 (E) Ko-1(B2)u(z) (G

) \ 2

where « is the shape parameter, 8 denotes the rate param-
eter, and u(z) is the unit step function. The PDF of x is a
Gamma distribution with a shape parameter « and a scale
parameter 8, and y is a Gaussian random variable with
zero mean and variance a)?. z has K-distribution envelope.
The variances of Gaussian noise and K -distributed noise
are, respectively, denoted as o and o}, where 05 = Ko}
with « being a constant. In our simulations, x =4 and
a=p8=0.1.

To evaluate the robustness of the proposed methods,
unless stated otherwise, all simulations are carried out with
the settings: the numbers of sensors in ULA and snapshots
are (2M + 1) =9 and N = 300, respectively. The signal
waveforms are independent quadrature phase-shift keying
signals with equal power, where the DOAs of two incoming
signals are #; = 20.2° and 6, = 30.8°. u is initiated as
u® = 0.5/||sgn(X)||,. In each experiment, 500 Monte Carlo
trials are performed. The function F(-) forming the low-
rank inducing penalty in LRMA-ADMM is chosen as

1
F(1) = (|| — p|t|2)X0§‘,|§ﬁ + (%) It]> 5 (52)

where X'p denotes the indicator function and p is set as 2
so that @ = 1 [35]. Hence, we calculate that when A < ﬁ,
the proximal operator of (52) is

v — Asign(v)

proxy(v, &) = Xyl g+ Vidlyst. (53)

1—-2tp
The intuition behind the choice of the MCP in (52) is
twofold. First, MCP provides the convexity of the penalized
loss in sparse regions to the greatest extent given certain
thresholds for variable selection and unbiasedness, com-
pared with other weakly convex penalties. Second, since
the proximal operator of MCP in (53) has closed-form so-
lution, it is easy to deal with the nonconvex minimization
problem.

For LRMA-IRLS, p is set to a value (p = 0.1) smaller
than 1, then the resultant problem will better approximate
the original problem. All our methods require the selec-
tion of the regularization parameter A, which balances the
fidelity and sparsity of the solution. Although there are
many ways for its determination based on the statistical
information of the noise, such as cross-validation [60], we
simply set & = 0.2 for IRMA-ADMM, which aligns with
the choice of A < (2M + 1)~1/? suggested in [61], and we
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observe that IRMA-IRLS with A = 0.55 works well in
Fig. 2. The effect of the tuning parameter A on the perfor-
mance of the proposed methods has been studied at SNR
= 0 dB. All simulations are performed using MATLAB
R2015b on a personal computer with 3.40 GHz Intel core
17 CPU and 4 GB RAM, under a 64-bit Microsoft Windows
7 operating system.

In the first experiment, we test the statistical perfor-
mance of the proposed methods in DOA estimation. All
three types of impulsive noise are considered. For SaS
noise, the root mean squared error (RMSE) versus SNR is
plotted in Fig. 3. It is observed that the LRMA-ADMM
achieves the best DOA estimation performance in SaS
noise, especially when GSNR > 5 dB. Figs. 4 and 5 show
the RMSE of the DOA estimators in GMM and CGM noises
versus SNR, respectively. We see that the proposed meth-
ods and £,-MUSIC outperform MM-MUSIC, while our
solutions enjoy comparable performance with £,-MUSIC
in GMM noise.

In the second experiment, the resolution probability of
resolving two closely-spaced sources is examined. The res-
olution probability is computed as the ratio between the
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number of successful runs and total number of the indepen-
dent runs. A trial is regarded as success when the maximum
value of the absolute deviation between the estimated and
true DOAs is less than the half deviation, i.e., max{6; —
O} <16, —611/2,k =1,2 where 6, =20.2° and 6, =
30.8°. The results are shown in Figs. 6-8. The resolution
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performance of the proposed schemes is superior to the
MM-MUSIC. LRMA-ADMM outperforms other methods
in the presence of non-Gaussian noise, except £,-MUSIC
in the case of SaS and CGM noises.

The third experiment tests the resolution probability
of DOA estimators in terms of the angle separation be-
tween two targets, where SNR/GSNR = 10 dB. The two
uncorrelated targets are considered with DOAs 6, = 0°
and 6, = 0° 4+ A0, where A0 varies from 2° to 20°. As
indicated in Figs. 9-11, the proposed methods tend to
become unbiased when the angular separation is more than
10° apart. From Figs. 10 and 11, in the case of SaS and
CGM noises, the proposed methods have higher resolution
probability in terms of the angle separation compared with
£,-MUSIC.

The last experiment compares computational time, and
the results are tabulated in Table I. The average CPU run-
time is used as the performance metric, although the runtime
gives only a rough estimation of complexity. It is demon-
strated that both solutions are much faster than the other
investigated methods. LRMA-ADMM achieves the best
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runtime performance among all methods, which is efficient
since the ADMM updates each variable separately only
once in each iteration.
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TABLE I
Runtime Comparison

) SNR/GSNR =5 dB, 2M + 1 =9, N = 300
Time(s)
m Sas ‘ GMM ‘ CGM
LRMA-ADMM 0.0261 | 0.0244 0.0256
LRMA-IRLS 0.1567 | 0.1635 0.1567
7,-MUSIC 14.5390 | 13.9789 14.7632
MM-MUSIC 10.3758 | 8.3901 83759

V. CONCLUSION

In this paper, we have proposed two iterative methods
via combination of LRMA technique and a class of weakly
convex inducing penalties to tackle the problem of DOA
estimation in impulsive noise. Although £,-MUSIC out-
performs the proposed methods, especially in GMM noise,
our methods can achieve a comparable DOA estimation per-
formance with faster computation and without requiring a
priori information of the source number. Simulation results
evaluate the direction finding performance of the proposed
methods, indicating a good balance between accuracy and
complexity.

APPENDIX
From (21) and the definition of £, we have
L(Pt’ Qt, Ft, Mt)
— K(Pt, Qt’ thl’ MFIH‘ <Tf = thl’ X P — Qt

MI_MF]
>+ =X =P - Q'
t 1
_ o =1 -1 Mot ' =12
=LP,Q, " ", u )+W||F—F 7.
(54)

Moreover, it follows that Q*! is a global solution to (19)
and L(P", Q', T'") is monotonically decreasing

E(Pt+l QT+1 Ft Ml)
S ,C(PH_I, (2[7 FI, Mt) S [,(Pt, Qt, Ft, Mt)

N _
=L@, QT ! 1)+Wnr’ -
(55)
Applying the chain rule for ¢ times, then
E(PH_I Qt+] Ft /~'Ll)
4 i i—1
WA n i i
<L®. Q. T+ Soa T "1z
o1 WM
(56)
With ¢ — oo, if Y i_, % < 00, the left-hand side

(LHS) of (56) is bounded. Indeed, I'’ is bounded. Recall

0, if [1Q'C, DIl =0
Wi, j)

[TWIC, DI

3l1Qll2,1 = (57)

, otherwise
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It is easily proved that dg||Q||2,; is bounded. The optimal
Q'*! needs to satisfy the first-order optimality condition,
i.e.,

0 € dLP*, Q. T, u')
= 30l|Qll2,1 — I — ' (X — | Qt+1)
= 00/|Q|l2; — """

Thus, I'* is bounded. Adding ﬁHF’ ||% to the augmented
Lagrangian gives

(58)

1
L QLT ) + I =

t

w' r
JPHY) £ A1Q | + SIX - P Q! 4 EH%.
(59)

Since {I"'} is bounded, the LHS is bounded. Thus, each term

on the RHS is bounded; then, {P'} and {Q'} are bounded.
By Bolzano—Weierstrass theorem, let {P*, Q*} be any

accumulation point of problem (11). Thus, due to the as-

sumption of lim,_, .o(P' —P'*') =0 and ) ! W

i=1 20T
00, accordingly, there exists I'* such that the following

optimality conditions are satisfied:

3l1Qll,1 =T*, =T'* € d(—F(0;(P)), X =P* + Q"
(60)

We conclude that {P*, Q*, I'*} satisfies the Karush—Kuhn-—
Tucker conditions of L(P', Q', I'"). Thus, {P*, Q*} is a sta-
tionary point of problem (11) [62].

ACKNOWLEDGMENT

The authors would like to thank the three anonymous re-
viewers and the associate editor for their helpful comments.

REFERENCES

[1]  H. Krim and M. Viberg
Two decades of array signal processing research: The paramet-
ric approach
IEEE Signal Process. Mag., vol. 13, no. 4, pp. 67-94, Jul. 1996.

[2] H.C.So
Source localization: Algorithms and analysis
In Handbook of Position Location: Theory, Practice and Ad-
vances, S. A. Zekavat and M. Buehrer, Eds. New York, NY,
USA: Wiley, 2011, ch. 2.

[3] Q. Liu, W. Wang, D. Liang, and X. P. Wang
Real-valued reweighted ¢; norm minimization method based
on data reconstruction in MIMO radar
IEICE Trans. Commun., vol. E98-B, no. 11, pp. 2307-2313,
Nov. 2015.

[4] R.O. Schmidt
Multiple emitter location and signal parameter estimation
1EEE Trans. Antennas Propag., vol. AP-34, no. 3, pp. 276-280,
Mar. 1986.

[5] C.Qian, L. Huang, M. Cao, H. C. So, and J. Xie
PUMA: An improved realization of MODE for DOA estimation
1IEEE Trans. Aerosp. Electron. Syst., vol. 53, no. 5, pp. 2128—
2139, Mar. 2017.

[6] J.Capon
High-resolution frequency-wavenumber spectrum analysis
Proc. IEEE, vol. 57, no. 8, pp. 1408-1418, Aug. 1969.

LIU ET AL.: DOA ESTIMATION IN IMPULSIVE NOISE via LOW-RANK MATRIX APPROXIMATION

(71

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(171

[18]

[19]

[20]

[21]

L. Huang, C. Qian, H. C. So, and J. Fang
Source enumeration for large array using shrinkage-based de-
tectors with small samples
1EEE Trans. Aerosp. Electron. Syst., vol. 51, no. 1, pp. 334-357,
Apr. 2015.

A. M. Zoubir, V. Koivunen, Y. Chakhchoukh, and M. Muma
Robust estimation in signal processing: A tutorial-style treat-
ment of fundamental concepts
IEEE Trans. Signal Process. Mag., vol. 29, no. 4, pp. 61-80,
Jul. 2012.

R. J. Kozick and B. M. Sadler
Maximum-likelihood array processing in non-Gaussian noise
with Gaussian mixtures
IEEE Trans. Signal Process., vol. 48, no. 12, pp. 3520-3535,
Dec. 2000.

M. Rangaswamy, D. Weiner, and A. Ozturk
Computer generation of correlated non-Gaussian radar clutter
IEEE Trans. Aerosp. Electron. Syst., vol. 31, no. 1, pp. 106-116,
Jan. 1995.

C. L. Nikias and M. Shao
Signal Processing With Alpha-stable Distributions and Appli-
cations. New York, NY, USA: Wiley, 1995.

P. J. Huber
Robust Statistics, 2nd ed. Berlin, Germany: Wiley, 2009.

Q. Liu, C. Yang, Y. Gu, and H. C. So
Robust sparse recovery via weakly convex optimization in im-
pulsive noise
Signal Process., vol. 152, pp. 84-89, Nov. 2018.

B. Liao and S. C. Chan
Direction-of-arrival estimation in subarrays-based linear sparse
arrays with gain/phase uncertainties
IEEE Trans. Aerosp. Electron. Syst., vol. 49, no. 4, pp. 2268—
2280, Oct. 2013.

Q. Liu, H. C. So, and Y. Gu
Off-grid DOA estimation with nonconvex regularization via
joint sparse representation
Signal Process., vol. 140, pp. 171-176, Nov. 2017.

P. Tsakalides and C. L. Nikias
The robust covariation-based MUSIC (ROC-MUSIC) al-
gorithm for bearing estimation in impulsive noise
environments
IEEE Trans. Signal Process., vol. 44, no. 7, pp. 1623-1633, Jul.
1996.

T.-H. Liu and J. M. Mendel
A subspace-based direction finding algorithm using fractional
lower order statistics
IEEE Trans. Signal Process., vol. 49, no. 8, pp. 1605-1613,
Aug. 2001.

S. Visuri, H. Oja, and V. Koivunen
Subspace-based direction-of-arrival estimation using nonpara-
metric statistics
IEEE Trans. Signal Process., vol. 49, no. 9, pp. 2060-2073,
Sep. 2001.

M. Muma, Y. Cheng, F. Roemer, M. Haardt, and A. M. Zoubir
Robust source number enumeration for r-dimensional arrays in
case of brief sensor failures
In Proc. Int. Conf. Acoust., Speech, Signal Process., Kyoto,
Japan, 2012, pp. 3709-3712.

K. Todros and A. O. Hero
Robust multiple signal classification via probability measure
transformation
IEEE Trans. Signal Process., vol. 63, no. 5, pp. 1156-1170,
Mar. 2015.

W.-J. Zeng, H. C. So, and L. Huang
¢,-MUSIC: Robust direction-of-arrival estimator
for impulsive noise environments [EEE Trans. Sig-
nal Process., vol. 61, no. 17, pp. 4296-4308, May
2013.

3613



[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

(31]

[32]

(33]

[34]

[35]

[36]

3614

R. Couillet
Robust spiked random matrices and a robust G-MUSIC estima-
tor
J. Multivariate Anal., vol. 140, pp. 139-161, 2015.

M. W. Morency, S. A. Vorobyov, and G. Leus
Joint detection and localization of an unknown number of
sources using the algebraic structure of the noise subspace
IEEE Trans. Signal Process., vol. 66, no. 17, pp. 4685-4700,
Sep. 2018.

L. Jolliffe
Principal Component Analysis. New York, NY, USA: Springer,
1986.

C. Croux, P. Filzmoser, and M. R. Oliveira
Algorithms for projection—pursuit robust principal component
analysis
Chemometrics Intell. Lab. Syst., vol. 87, no. 2, pp. 218-225,
2007.

J. Wright, A. Ganesh, S. Rao, Y. Peng, and Y. Ma
Robust principal component analysis: Exact recovery of cor-
rupted low-rank matrices via convex optimization
Adv. Neural Inf. Process. Syst., vol. 22, pp. 2080-2088,
2009.

B. Liao, C. Guo, and H. C. So
Direction-of-arrival estimation in nonuniform noise via low-
rank matrix decomposition
In Proc. 22nd Int. Conf. Digit. Signal Process., London, U.K.,
2017, pp. 14.

P. Pal and P. P. Vaidyanathan
A grid-less approach to underdetermined direction of arrival
estimation via low rank matrix denoising
IEEE Signal Process. Lett., vol. 21, no. 6, pp. 737-741, Mar.
2014.

X. Wu, W. P. Zhu, and J. Yan
A Toeplitz covariance matrix reconstruction approach for
direction-of-arrival estimation
IEEE Trans. Veh. Technol., vol. 66, no. 9, pp. 8223-8237, Apr.
2017.

S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein
Distributed optimization and statistical learning via the alter-
nating direction method of multipliers
Found. Trends Mach. Learn., vol. 3, no. 1, pp. 1-122,
2011.

E. J. Candes, J. K. Romberg, and T. Tao
Stable signal recovery from incomplete and inaccurate mea-
surements
Commun. Pure Appl. Math., vol. 59, no. 8, pp. 1207-1223, Mar.
2006.

E. J. Candés and B. Recht
Exact matrix completion via convex optimization
Found. Comput. Math., vol. 9, no. 6, pp. 717-772, 2009.

E. J. Candes, J. Romberg, and T. Tao
Robust uncertainty principles: Exact signal reconstruction from
highly incomplete frequency information
IEEE Trans. Inf. Theory, vol. 52, no. 2, pp. 489-509, Jan.
2006.

X. Jiang, Z. Zhong, X. Liu, and H. C. So
Robust matrix completion via alternating projection
IEEE Signal Process. Lett., vol. 24, no. 5, pp. 579-583, Mar.
2017.

L. Chen and Y. Gu
The convergence guarantees of a non-convex approach for
sparse recovery
IEEE Trans. Signal Process., vol. 62, no. 15, pp. 3754-3767,
Jun. 2014.

K. Mohan and M. Fazel
Iterative reweighted algorithms for matrix rank minimization
J. Mach. Learn. Res., vol. 13, no. 1, pp. 3441-3473, Jan.
2012.

[37]

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

C.Lu, Z. Lin, and S. Yan
Smoothed low rank and sparse matrix recovery by iteratively
reweighted least squares minimization
IEEE Trans. Image Process., vol. 24, no. 2, pp. 646-654, Dec.
2015.
G. Marjanovic and V. Solo
On [, optimization and matrix completion
IEEE Trans. Signal Process., vol. 60, no. 11, pp. 5714-5724,
Aug. 2012.
C. Ding, D. Zhou, X. He, and H. Zha
RI1-PCA: Rotational invariant L1-norm principal component
analysis for robust subspace factorization
In Proc. Int. Conf. Mach. Learn., vol. 148, 2006, pp. 281-288.
Z.Zhou, X. Li, J. Wright, E. J. Candes, and Y. Ma
Stable principal component pursuit
In Proc. Int. Symp. Inf. Theory, Austin, TX, USA, Jul. 2010,
pp. 1518-1522.
R. Paffenroth, P. du Toit, R. Nong, L. Scharf, A. P. Jayasumana,
and V. Bandara
Space-time signal processing for distributed pattern detection
in sensor networks
IEEE J. Sel. Topics Signal Process. vol. 7, no. 1, pp. 38-49,
Jan. 2013.
N. Parikh and S. Boyd
Proximal algorithms
Found. Trends Optim., vol. 1, no. 3, pp. 127-239, 2014.
K. Border
The supergradient of a concave function
2001. [Online]. Available: http://www.hss.caltech.edu/kcb/
Notes/Supergrad.pdf
J.-P. Vial
Strong and weak convexity of sets and functions
Math. Operations Res., vol. 8, no. 2, pp. 231-259, 1983.
C.Lu, J. Tang, S. Yan, and Z. Lin
Generalized nonconvex nonsmooth low-rank minimization
In Proc. IEEE Conf. Comput. Vis. Pattern Recognit., Apr. 2014,
pp. 4130-4137.
Z.Lin, M. Chen, and Y. Ma
The augmented Lagrange multiplier method for exact recovery
of corrupted low-rank matrices
Coordinated Science Laboratory, UIUC, Champaign, IL, USA,
Tech. Rep. UILU-ENG-09-2215, Sep. 2010.
J. Yang, W. Yin, Y. Zhang, and Y. Wang
A fast algorithm for edge-preserving variational multichannel
image restoration
SIAM J. Imag. Sci., vol. 2, no. 2, pp. 569-592, May 2009.
C. Lu, J. Feng, Z. Lin, and S. Yan
Nonconvex sparse spectral clustering by alternating direction
method of multipliers and its convergence analysis
In Proc. AAAI Conf. Artif. Intell., New Orleans, Louisiana,
USA, Feb. 2018.
C.Lu, J. Tang, S. Yan, and Z. Lin
Nonconvex nonsmooth low rank minimization via iteratively
reweighted nuclear norm
IEEE Trans. Image Process. vol. 25, no. 2, pp. 829-839,
Feb. 2016.
E.J. Candes, M. B. Wakin, and S. P. Boyd
Enhancing sparsity by reweighted ¢ 1 minimization
J. Fourier Anal. Appl., vol. 14, no. 5, pp. 877-905, 2008.
F. Wen, P. Liu, Y. Liu, R. C. Qiu, and W. Yu
Robust sparse recovery in impulsive noise via £, -1 optimiza-
tion
IEEE Trans. Signal Process. vol. 65, no. 1, pp. 105-118,
Jan. 2017.
M. Fornasier, H. Rauhut, and R. Ward
Low-rank matrix recovery via iteratively reweighted least
squares minimization
SIAM J. Optim., vol. 21, no. 4, pp. 1614-1640, 2011.

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 55, NO. 6 DECEMBER 2019


http://www.hss.caltech.edu/kcb/Notes/Supergrad.pdf
http://www.hss.caltech.edu/kcb/Notes/Supergrad.pdf

[53]

[54]

[55]

[56]

[57]

M. Wax and T. Kailath

Detection of signals by information theoretic criteria
IEEE Trans. Acoust., Speech, Signal Process., vol. 33, no. 2,
pp. 387-392, Apr. 1985.

A. Barron, J. Rissanen, and B. Yu

The minimum description length principle in coding and mod-
eling
IEEE Trans. Inf. Theory, vol. 44, no. 6, pp. 2743-2760, Oct.
1998.

W. Wang, R. Wu, J. Liang, and H. C. So

Phase retrieval approach for DOA estimation with array errors
IEEE Trans. Aerosp. Electron. Syst., vol. 53, no. 5, pp. 2610—
2620, May 2017.

W.-J. Zeng, X.-L. Li, and H. C. So

Direction-of-arrival estimation based on spatial-temporal statis-
tics without knowing the source number
Signal Process., vol. 93, no. 12, pp. 3479-3486, Dec. 2013.

P. Stoica and A. Nehorai

Performance study of conditional and unconditional direction-
of-arrival estimation

IEEE Trans. Acoust. Speech, Signal Process., vol. 38, no. 10,
pp. 1783-1795, Oct. 1990.

and information networks.

[58]

[59]

[60]

[61]

[62]

B. M. Sadler, R. J. Kozick, and T. Moore
Performance analysis for direction finding in non-Gaussian
noise
In Proc. Int. Conf. Acoust., Speech, Signal Process., Phoenix,
AZ, USA, 1999, pp. 2857-2860.

X. Zhong, A. B. Premkumar, and A. S. Madhukumar
Particle filtering for acoustic source tracking in impulsive noise
with alpha-stable process
IEEE Sensors J., vol. 13, no. 2, pp. 589-600, Feb. 2013.

K. Nordhausen
The Elements of Statistical Learning: Data Mining, Infer-
ence, and Prediction, 2nd ed. Stanford, CA, USA: Springer,
2009.

Z. Lin, M. Chen, and Y. Ma
The augmented Lagrange multiple method for exact recovery
of a corrupted low-rank matrices
Dept. Elect. Comput. Eng., UIUC, Champaign, IL, USA, Tech.
Rep. UILU-ENG-09-2215, 2009.

J. Yang and Y. Zhang
Alternating direction algorithms for £;-problems in compres-
sive sensing
SIAM J. Sci. Comput., vol. 33, no. 1, pp. 250-278, 2011.

Qi Liu received the B.E. degree in measuring and control technology and instrumentations
and the M. Sc. degree in control science and engineering from the College of Automation,
Harbin Engineering University, Harbin, China, in 2013 and 2016, respectively. He is
currently working toward the Ph.D. degree at the Department of Electronic Engineering,
City University of Hong Kong, Hong Kong.

From Oct. 2018 to Apr. 2019, he was a Visiting Scholar with the Department of Elec-
trical and Computer Engineering, University of California, Davis. His research interests
include robust compressed sensing, sparse recovery, nonconvex optimization, array signal
processing, parameter estimation, and image denoising/inpainting.

Yuantao Gu (S’02-M’03-SM’17) received the B.E. degree from Xi’an Jiaotong Univer-
sity, Xi’an, China, in 1998, and the Ph.D. degree with honors from Tsinghua University,
Beijing, China, in 2003, both in electronic engineering.

In 2003, he joined the faculty of Tsinghua University where he is currently a Full
Professor with the Department of Electronic Engineering. From 2005 to 2006, he was a
Visiting Scientist with Microsoft Research Asia, from 2012 to 2013, with the Research
Laboratory of Electronics, Massachusetts Institute of Technology, and in 2015, with the De-
partment of Electrical Engineering and Computer Science, University of Michigan in Ann
Arbor. His research interests include high-dimensional statistics, sparse signal recovery,
temporal-space and graph signal processing, related topics in wireless communications,

Dr. Gu has been a Senior Area Editor for the IEEE TRANSACTIONS ON SIGNAL PRO-

CESSING since 2019 and an elected member of the IEEE Signal Processing Theory and
Methods Technical Committee since 2017. He was an Associate Editor for the IEEE
TRANSACTIONS ON SIGNAL PROCESSING from 2015 to 2019 and a Handling Editor for El-
sevier Digital Signal Processing from 2015 to 2017. He was the recipient of the Best Paper
Award of IEEE Global Conference on Signal and Information Processing (GlobalSIP) in
2015, the Award for Best Presentation of Journal Paper of IEEE International Conference
on Signal and Information Processing (ChinaSIP) in 2015, and Zhang Si-Ying (CCDC)
Outstanding Youth Paper Award (with his student) in 2017.

LIU ET AL.: DOA ESTIMATION IN IMPULSIVE NOISE via LOW-RANK MATRIX APPROXIMATION 3615



3616

Hing Cheung So (S’90-M’95-SM’07-F’15) was born in Hong Kong. He received the
B.Eng. degree from the City University of Hong Kong, Hong Kong, and the Ph.D. degree
from The Chinese University of Hong Kong, Hong Kong, both in electronic engineering,
in 1990 and 1995, respectively.

From 1990 to 1991, he was an Electronic Engineer with the Research and Development
Division, Everex Systems Engineering Ltd., Hong Kong. From 1995 to 1996, he was a
Postdoctoral Fellow with The Chinese University of Hong Kong. From 1996 to 1999,
he was a Research Assistant Professor with the Department of Electronic Engineering,
City University of Hong Kong, where he is currently a Professor. His research interests
include detection and estimation, fast and adaptive algorithms, multidimensional harmonic
retrieval, robust signal processing, source localization, and sparse approximation.

Dr. So has been on the editorial boards of the IEEE SIGNAL PROCESSING MAGAZINE
(2014-2017), the IEEE TRANSACTIONS ON SIGNAL PROCESSING (2010-2014), Signal
Processing (2010-), and Digital Signal Processing (2011-). He was also Lead Guest
Editor for the IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, special issue
on “Advances in Time/Frequency Modulated Array Signal Processing” in 2017. In addition,
he was an elected member in Signal Processing Theory and Methods Technical Committee
(2011-2016) of the IEEE Signal Processing Society where he was the Chair in the awards
subcommittee (2015-2016).

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 55, NO. 6 DECEMBER 2019




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


